The study of open/closed string duality and large N duality suggests a Gromov-Witten theory for conifolds that sits on the border of both a closed Gromov-Witten theory and an open Gromov-Witten theory. The work of Jun Li on Gromov-Witten theory for a projective singular variety of the gluing form Y 1 ∪ D Y 2 , where D is a smooth divisor on smooth Y 1 and Y 2 , suggests two methods to study Gromov-Witten invariants for a projective conifold: one by a direct generalization of his construction to the conifold singularity and the other by an appropriate semi-stable reduction of a degeneration to a conifold and then apply his results on this new degeneration to extract Gromov-Witten invariants of the original conifold. In this work we carry out the second method. Suggested by the semi-stable reduction, we associate to a conifold Y with singular locus {p 1 , . . . } a set of smooth variety-divisor pairs ( Y , E), (Y i , D i ), i = 1, . . ., and a canonical morphism Y ∪
Introduction and outline.
Introduction: Gromov-Witten theory for conifolds in an open/closed string duality and a large N duality.
Given the 3-sphere S 3 , let X 0 be the conifold from the degeneration of X := T * S 3 , as a complex 3-fold, that pinches the zero-section 3-cycle S 3 of T * S 3 and X ′ be the complex 3-fold from the small resolution of X 0 with exceptional locus ≃ P 1 . (X ′ is isomorphic to the total space of the bundle O P 1 (−1) ⊕ O P 1 (−1) and is a non-compact Calabi-Yau 3-fold.) Gopakumar and Vafa [G-V] conjecture the following correspondence that relates the U (N ) or SU (N ) Chern-Simons gauge theory on S 3 and an A-model topological closed string theory on X ′ via the mechanisms indicated below: · 't Hooft coupling λ := N gs · B-field magnitude on P 1 · Wilson loop observable · quantity in the effective theory of associated brane-probe in X ′ · large N limit of Chern-Simons gauge theory on S 3 · A-model topological string theory on conifold X0
This diagram involves a large N duality and an open/closed string duality, and an Amodel topological string theory with a conifold as the target space serves as a geometric mediator and transition-point for these dualities. The dualities were tested/examined from five different aspects of stringy dualities. See [G-P] , [G-V] , [O-V1] , [O-V2] , [Va] , [Wi1] , [Wi2] for string-theoretical details and insights and [G-R] for a mathematical survey and more references.
Here a conifold X 0 (e.g. [B-L] , [C-dlO-G-P], and [St] ) is by definition the singular variety from a degeneration of Calabi-Yau 3-fold X via a deformation of complex structures that pinches isolated smoothly-embedded 3-spheres S 3 in a smooth 3-fold X. And the partition function of an A-model topological string theory with target X 0 is supposed to compute the string world-sheet instanton numbers that can be interpreted either as a counting of holomorphic maps from (complex) curves to X 0 or from bordered Riemann surfaces to X 0 with boundary components, if non-empty, mapped to the isolated singularities of X 0 . In other words, this is a Gromov-Witten theory for conifolds on the mathematical side. And the open/closed string duality from string theory reveals a very distinguished feature of it as a theory on the border of both a closed Gromov-Witten theory on one geometry and an open Gromov-Witten theory on another geometry related to the previous geometry via the conifold transition.
To develop a Gromov-Witten theory for conifolds, there are two paths one may attempt to follow. The first one is to generalize the techniques in [Li1] and [Li2] directly to a conifold singularity. This is technical. The second one is to try to replace a conifold as the degenerate fiber of a smooth A 1 -family W/A 1 by the degenerate fiber of a semi-stable reduction of W/A 1 and see if one can reduce the problem to the case already dealt with in [Li1] and [Li2] and use it to extract the Gromov-Witten invariants of the conifold. Surely, for general singularities one will not expect the second path would immediately work either since one still misses the understanding of Gromov-Witten theory for a pair (Y, D), where Y is smooth and D is a divisor on Y with simple normal crossing singularities, and a related degeneration/gluing formula for gluing Gromov-Witten invariants from a collection of such pairs. As if given by God, it turns out that such potentially existing difficulties along the second path are not really there for a conifold singularity, (Sec. 1). This accidental simplicity for conifolds together with similar discussions and results in [L-Y] that refine Jun Li's degeneration formula to one for curve classes in H 2 ( · ; Z) or A 1 ( · ), (Sec. 2), enable us to extract some Gromov-Witten invariants of conifolds, (Sec. 3). We explain the details of this second path in this work.
Convention. This work is parallel to [L-Y] and follows the notations and the terminology of [Li1] , [Li2] , and [L-Y] closely, except where confusions may occur. Other notations follow [Hart] , [Fu] , [De] , and [K-M]. All schemes are over C and all points are referred to closed points. All conifolds are assumed to be projective. Though appearing a few times in the Introduction for easy match with literatures in string theory, the Calabi-Yau condition is not relevant in this work but will be relevant in an application. Outline.
1. A semi-stable reduction of a conifold degeneration. 2. A degeneration formula of Gromov-Witten invariants with respect to a curve class. 3. Extracting Gromov-Witten invariants of a conifold from pairs. 1 A semi-stable reduction of a conifold degeneration.
Semi-stable reduction and the associated smooth pairs of a conifold.
Let π : W → A 1 be a flat family of (complex) 3-dimensional projective varieties with smooth general fibers W t , t = 0, and smooth total space W such that W t degenerates to a conifold W 0 = Y over 0 ∈ A 1 . For simplicity of notations and presentations, we assume that Y has only one conifold singularity. An example of such family can be obtained from a degeneration of quintic 3-folds in P 4 , cf. [C-dlO-G-P]. In a local analytic germ, the degeneration to a conifold singularity is modeled on the morphism
This gives a 3-dimensional isolated hypersurface singularity of multiplicity 2 at the fiber over 0 := (t). The family W/A 1 can be semi-stabilized by the following sequence of blow-ups and finite base change obtained from a straightforward computation:
where · ϕ 1 : W (1) → W (0) is the blow-up of W at the conifold singularity of W 0 ;
· recall that W is smooth and hence the exceptional locus of ϕ 1 is a P 3 ; the degenerate fiber π −1 1 (0) of π 1 contains a nonreduced irreducible component of multiplicity 2 supported on this P 3 ; as divisors in W (1) , π −1 1 (0) = Y + 2 P 3 , where Y is the resolution of Y by a blow-up at the conifold singularity and Y ∩ P 3 is a smooth quadric surface in P 3 ; · α : (A 1 , 0) → (A 1 , 0) is a finite morphism of degree 2 branched over 0, ϕ 2 and π 2 on W (2) are from the fibered-product of α and π 1 ; · W (2) is now a singular scheme whose singularities are modelled on the Whitney's umbrella; the singular locus Sing (W (2) ) of W (2) with the reduced subscheme structure has multiplicity 2, lies over 0, and is isomorphic to P 3 ;
is naturally realized as a double cover of P 3 branched over a smooth quadric surface in P 3 .
In local germs, the morphisms in the diagram above are given by
consider the ring isomorphism generated by
, which reveals the Whitney umbrella transverse surface singularity of W (2) ; and then
(Cf. The degenerate fiber over 0 ∈ A 1 in each family is indicated.
Definition 1.1 [canonical semi-stable reduction]. We shall call W (3) /A 1 obtained above the canonical semi-stable reduction of the conifold degeneration W/A 1 .
After this semi-stable reduction of the conifold degeneration π : W → A 1 , one obtains a new family π 3 :
is a variety with simple normal crossing singularity from gluing smooth Y 0 and Y 1 along the isomorphic smooth divisor D. This happens to be exactly the type of degenerations whose Gromov-Witten theory are studied in [Li1] and [Li2] .
Definition 1.2 [associated canonical pairs to conifold]. We shall call the set of pairs, (Y 0 , D) and (Y 1 , D), the set of canonical smooth pairs associated to the conifold Y .
By construction, there is a canonical morphism p
The 3-fold Y 1 is naturally realized as a quadric hypersurface in P 4 with D ≃ P 1 × P 1 realized as the intersection of Y 1 with a hyperplane H in P 4 . It follows from the Bruhat cellular decomposition of a smooth quadric hypersurface in a projective space and the Lefschetz hyperplane theorem that the only non-vanishing Chow groups and (singular) homology groups for Y 1 coincide and are given by
is generated by a complex line γ 2 from either of the rulings of D, A 2 (Y 1 ) ≃ H 4 (Y 1 ; Z) is generated by the complex surface γ 4 := D, and γ 2 ∩ γ 4 = +1 on Y 1 . (See [Fu] , [G-H], [Harr] , and [P-S] for details.)
Fix an embedding D = Y 1 ∩ H ⊂ Y 1 ֒→ P 4 and an isomorphism D ≃ P 1 × P 1 from the rulings of D. Up to a PGL (5, C)-action on P 4 , one can write this explicitly in terms of homogeneous coordinates [u : x : y : z : w] of P 4 as
The Z/2Z-action on D that interchanges the two P 1 -factors extends to a linear Z/2Z-action
and one can choose this Z/2Z-action to be the exchange z ↔ w. It follows that: The monodromy of π : W → A 1 .
To be able to refine Jun Li's degeneration formula from one with respect to a π 3 -ample line bundle on W (3) /A 1 to one with respect to a curve class of a general fiber W t of W/A 1 , the monodromy around the degenerate fiber W 0 = Y of W/A 1 is required to be well-behaved. Let us thus take a look at this. In this part, we will leave the algebro-geometric category over C and enter the topological category over R. In particular, '≃' means 'topologically homeomorphic'.
Topologically, the degeneration W/A 1 pinches a real 3-cycle realized as a smoothly embedded 3-sphere S 3 in W t , t = 0, to the conifold singularity of W 0 = Y . Over a loop S 1 ֒→ A 1 around 0 ∈ A 1 (here we will think of A 1 as the usual complex plane C with the analytic topology and S 1 is an oriented circle therein), π −1 (S 1 ) is the mapping torus associated to a smooth automorphism φ : W t ∼ → W t . φ can be homotoped to an automorphism, still denoted by φ, on W t that is not the identity map only in a small tubular neighborhood
where B 3 is the unit (real) 3ball and there is an orientation on (S 3 , B 3 ) that is compatible with the complex structure on N ε (S 3 /W t ). Indeed, φ is a generalized Dehn twist along S 3 and, up to homotopy, can be described explicitly as follows. Recall that S 3 is the underlying topology of the Lie group SU (2). Let e be its identity element and fix a degree 1 map φ e :
where the · in the definition is the group multiplication of SU (2). By construction, φ restricts to the identity map on ∂(N ε (S 3 /W t )) and extends by the identity map to the automorphism φ on W t .
In particular, the monodromy of φ on H i (W t ; Z) is the identity map for i = 0, 1, 2. (The monodromy on H 3 (W t ; Z) is the much studied Picard-Lefschetz operation γ → γ + γ, [S 3 ] [S 3 ], where , is the intersection pairing on H 3 (W t ; Z). But we do not need this for this work.)
Consider the conifold W 0 = Y with conifold singularity * . Let N ε ( * /W 0 ) be a tubular neighborhood of * in W 0 , which is a real cone over ∂N ε (S 3 /W t ) ≃ S 3 × S 2 . Then H i (N ε( * /W 0 ) , ∂N ε ( * /W 0 ); Z) = 0 for i = 0, 1, 2 as well. Thus,
canonically for i = 0, 1, 2. In particular, R • π * Z W has a summand that is the constant sheaf on A 1 associated to the group H 2 (W t ; Z) = H 2 (Y ; Z).
To summarize,
We now resume to proceed in the domain of algebraic geometry.
A degeneration formula of Gromov-Witten invariants with respect to a curve class.
Once the semi-stable degeneration W (3) /A 1 of the conifold degeneration W/A 1 is understood, the second ingredient toward a Gromov-Witten theory for Y via extracting information from gluing pairs (Y 0 , D) and (Y 1 , D) is the degeneration/gluing formula of Gromov-Witten invariants for the family W (3) /A 1 that is intrinsic to curve classes on Y (note: not on W Fix a π 3 -ample line bundle L on W (3) /A 1 and an L-degree d, then the stack of stable morphisms from prestable curves of genus g, n marked points, into fibers of the universal family of expanded degenerations associated to W (3) /A 1 of L-degree d is a Deligne-Mumford stack M(W (3) , (g, n; d)) with a perfect obstruction theory. By construction, M(W (3) , (g, n; d)) fibers naturally over A 1 with the fiber over 0 denoted by M(W (3) 0 , (g, n; d)). The perfect obstruction theory on M(W (3) , (g, n; d)) restricts to a perfect obstruction theory on M(W (3) 0 , (g, n; d)). The Gromov-Witten theory and invariants of the singular variety Y 0 ∪ D Y 1 from gluing is defined via the virtual fundamental class [M(W (3) 0 , (g, n; d))] virt on M(W (3) 0 , (g, n; d)). On the other hand, for each of the smooth variety-divisor pairs, (Y i , D), Jun Li constructed a general theory of relative Gromov-Witten invariants, which consists of the moduli stack M(Y rel i , Γ i ) of stable morphisms of topological type Γ i from prestable curves to the fibers of the universal family of the stack Y rel i of expanded relative pairs associated to (Y i , D) and a perfect obstruction theory thereon. For each admissible triple η with |η| = (g, n; d), there is a morphism, (the r below is the total root weight of Γ 0 in η),
that is finiteétale to its image M(Y rel 0 ⊔ Y rel 1 , η) and has degree a combinatorial factor |Eq(η)| from η, cf. [Li1: Sec. 4 ]. Up to the difference from a nonreduced structure that has to be taken care ([Li2: Sec. 4.4] 
t , (g, n; d)), t = 0, which gives the usual Gromov-Witten theory of the smooth projective W t to M(W (3) 0 , (g, n; d)), which gives the Gromov-Witten theory on Y 0 ∪ D Y 1 , and recast it to a form from gluing relative Gromov-Witten theory of pairs, (Y 0 , D) and (Y 1 , D), gives a degeneration formula that relates Gromov-Witten invariants of W t to a combination of relative Gromov-Witten invariants of (Y 0 , D) and (Y 1 , D) in the degenerate fiber W (3) 0 . See [Li1] and [Li2] for the complete technical details.
Since the monodromy on H 2 (W t ; Z) around 0 ∈ A 1 is trivial, so is the monodromy on H 2 (W
Thus, a β ′ ∈ H 2 (Y ; Z) determines a unique class in H 2 (W t ; Z), t = 0, and hence a unique class, still denoted by β ′ , in H 2 (W
where M(W (3) , (g, n; β ′ )) is the stack of stable morphisms of L-degree d from prestable curves of genus g with n marked points to the fibers of the universal family of the stack W (3) of expanded degenerations associated to W (3) /A 1 such that after the post-composition with the morphisms
the images of the stable morphisms lie in the curve class β ′ ∈ H 2 (Y ; Z). From its definition, M(W (3) , (g, n; β ′ )) depends not just on (g, n, β ′ ) but also on L. (Indeed, since Y 1 is mapped to the conifold singularity of Y , the choice of curve classes from H 2 (Y 0 ∪ D Y 1 ; Z) does depend on L in general.) Recall the L-dependent set Ω (g,k;d) of admissible triples η such that |η| = (g, k; d) and the quotient set Ω (g,k;d) defined in [Li2: Sec. 0].
Recall also the morphism p = p 0 ∪ D p 1 : Y 0 ∪ D Y 1 → Y . For an admissible weighted graph Γ for a relative pair, let b(Γ) := v∈V (Γ) b(v). Define the β-compatible subset of Ω (g,n;d) by
Same discussions as in [L-Y: Sec. 2] imply the existence of a perfect obstruction theory on the moduli stack M(W (3) , (g, n; β)) over A 1 and its fiber M(W
0 , (g, n; β)) over 0, inherited from those constructed in [Li2] . This gives a well-defined Gromov-Witten theory and Gromov-Witten invariants on Y 0 ∪ D Y 1 associated to β ∈ H 2 (Y ; Z), Jun Li's degeneration formula [Li2] implies then the following degeneration formula: [Li1] and [Li2] .) Let α ∈ H 0 c (R * π 3 * Q W (3) ) ×n , whose restriction to W (3) t will be denoted by α(t), and ζ ∈ A * (M g,n ). Denote by Ψ 
n is the natural morphism between the related moduli stack of nodal curves. Then
In cycle form,
0 , (g, n; β)) is the fiber of M(W (3) , (g, n; β)) over 0 ∈ A 1 , ∆ ! is the Gysin map associated to the diagonal map ∆ : D r → D r × D r for the relevant D r in each summand.
We want to make things as intrinsic to Y as possible so that we can appropriately combine the Gromov-Witten invariants of Y 0 ∪ D Y 1 defined from [Li2] to a quantity that is justifiable to be called a Gromov-Witten invariant of Y . In particular, we want to remove the possible L-dependence (so far on both sides of the equation) in the above gluing formula. Let us now deal with this issue.
The L-(in)dependence of Ω L (g,k;β) and M(W
0 , (g, n; β)).
Recall from Sec. 1 the intermediate families over A 1 that occur in the semi-stable reduction of W/A 1 :
Denote the exceptional divisor of ϕ 1 on W (1) by E 1 (≃ P 3 ) and recall that the exceptional divisor of ϕ 3 on W (3) is Y 1 . Recall [C-H] or [L-Y: Remark 3.1]. Let L 0 be a sufficiently very ample line bundle on W (0) = W . Then L 1 := (ϕ * 1 L 0 )(−E 1 ) is very ample on W (1) . The pull-back L 2 := ϕ * 2 L 1 on W (2) is π 2 -ample. Thus there is an open subset U of A 1 , containing 0, such that L 2 is ample on π −1 2 (U ). By removing finitely many fibers of the families/A 1 in the above diagram and with an abuse of notation that we denote π −1 2 (U ) over U still by W (2) /A 1 (and since it is only a neighborhood of Y in W that matters), we will say that L 2 is ample on W (2) . By taking k >> 0, L ⊗k 2 becomes sufficiently very ample on W (2) and its pull-back with a twist L := (ϕ * 3 L ⊗k 2 )(−Y 1 ) becomes very ample on W (3) .
Lemma 2.2 [ L-independence of Ω L (g,n;β) ]. Let L be a very ample line bundle on W (3) as constructed above and d be the L-degree of β ∈ H 2 (Y ; Z). Then Ω L (g,n;β) that appears in the degeneration formula in Lemma 2.1 is independent of L.
Proof. The proof follows the same reasoning as in the proof of [L-Y: Lemma 3.2]. Recall the blow-up resolution p 0 : Y 0 → Y with exceptional divisor identical to D (= Y 0 ∩ Y 1 ) and p 1 that sends Y 1 to the conifold singularity of Y . It follows from a careful chasing through the sequence of pull-backs and twists in the construction of L that
Recall the generator γ 2 of H 2 (Y 1 ; Z). Let γ 2,1 and γ 2,2 be the curve classes on Y 0 from the two rulings of D. Then they generate the semi-group of curve classes in the relative (g,n;β) . Then the pairs (b(Γ 0 ), b(Γ 1 )) are characterized by the conditions:
Solving it explicitly as in [L-Y: proof of Lemma 3.2], one concludes that
• b(Γ0) = γ + l0,1γ2,1 + l0,2γ2,2, b(Γ1) = l1γ2 , (l0,1 + l0,2) + l1 = D · γ , l0,1, l0,2, l1 ∈ Z ≥0 ; • g(η) = g , k1 + k2 = n ;
This set is indeed independent of L.
2
We shall denote the L-independent set of admissible triples worked out explicitly in the end of the proof above by Ω (g,n;β) .
The proof of the above lemma implies also that, with this choice of L on W (3) /A 1 , the potentially L-dependent stack M(W (3) , (g, n; β)) can be re-defined without referring to L at all and, hence, depends only on W and (g, k; β). Its fiber M(W (3) 0 , (g, n; β)) over 0 ∈ A 1 is thus also L-independent. Adding this L-independence into the statements in Lemma 2.1, we obtain: 
0 , (g, n; β)) of homeomorphic underlying topologies, (cf. [L-MB: Chapter 5]). Since each Φ η is finiteétale of degree a W -independent combinatorial factor |Eq(η)| to its image M(Y rel 0 ⊔ Y rel 1 , η) ([Li1: Sec. 4]), as long as these stacks have the same relative multiplicity to the corresponding image of Φ η -which is proved to be true and this relative multiplicity of the component of M(W (3) 0 , (g, n; β)) labelled by η is given by m(η) irrelevant to W ([Li2: Sec. 4.4]) -any detailed difference will not affect the resulting value of Gromov-Witten invariants of Y to be extracted from these stacks for a given (g, n; β). (Such indifference is implicit in [Li2] in order to define Gromov-Witten invariants of the degenerate fiber of a family that is family-independent and indeed the degeneration formula implies this indifference as well.)
3 Extracting GW invariants of a conifold from pairs.
The results in Sec. 1 ans Sec. 2 together with the constant-under-deformation requirement for any good Gromov-Witten theory for conifolds implies the following route to extract Gromov-Witten invariants of the conifold Y from the pairs (Y 0 , D) and (Y 1 , D), (in this section, by "Gromov-Witten invariants of Y ", we mean the invariants of Y that would be defined via the intersection theory on the moduli stack M g,n (Y, β ) of stable maps to Y , should M g,n (Y, β ) exists and admits a perfect obstruction theory): 
While the left-hand side of the identity remains to be truly constructed (though one may turn this identity to a definition of Gromov-Witten invariants of Y for α admissible if one wishes), the right-hand side is completely determined by and canonically/intrinsically associated to the data: Y , (g, n; β ), α, and ζ. Note that when Y is a Calabi-Yau conifold (i.e. it arises from a degeneration of Calabi-Yau 3-folds), the expected dimension of the would-be moduli stack M g,0 (Y, β ) is zero. In this case, no issue of choice of cycles is involved.
